[23] an experimental evidence for a light and broad scalar resonance in the m ππ spectrum of the D → πππ decay was found, which may be identified with the f 0 (600) and a peak within the f 0 (980) mass range is also observed. Although a considerable amount of data has been accumulated over the years, it has yet not been possible to elucidate the precise f 0 (980) quark structure, i.e. whether one deals with a two-quark or rather a fourquark composite, and thus far there is no consensus on that matter. On the other hand, viewing the f 0 (980) exclusively as aqq orq 2 q 2 state may simply be too naive [26] . In this context, an interesting proposition to shed light on the constituent composition of the f 0 (980) was recently made by Maiani, Polosa and Riquer [27]. Their method consists in comparing the ratio of the In the case of B → f 0 (980)K decays, one may advance plausible reasons to limit oneself to thē qq picture of the f 0 (980). Because of the large B mass, the outgoing mesons are virtually massless particles, which prompts to expand the corresponding bound states in terms of Fock states.
shape of their resonant structure and the description of the f 0 and a 0 requires a coupled-channel scattering analysis. The simple quark model views these scalar mesons as orbitally (L = 1) excitedqq states and has been advocated, for example, by Törnqvist and Roos [4] as well as in Ref. [5] . However, some studies [6] tend to favor four-quark configurations of the scalar mesons, as do coupled-channel analyses [7] or potential models of molecular states strongly coupled to ππ andKK channels [8] .
The emergence of the f 0 (980) as a pole of the ππ amplitude in the S wave E687 [24, 25] . Remarkably, in Ref. [23] an experimental evidence for a light and broad scalar resonance in the m ππ spectrum of the D → πππ decay was found, which may be identified with the f 0 (600) and a peak within the f 0 (980) mass range is also observed. Although a considerable amount of data has been accumulated over the years, it has yet not been possible to elucidate the precise f 0 (980) quark structure, i.e. whether one deals with a two-quark or rather a fourquark composite, and thus far there is no consensus on that matter. On the other hand, viewing the f 0 (980) exclusively as aqq orq 2 q 2 state may simply be too naive [26] . In this context, an interesting proposition to shed light on the constituent composition of the f 0 (980) was recently made by Maiani, Polosa and Riquer [27] . Their method consists in comparing the ratio of the decay rates D + s → π + (K + K − ) and D + s → π + (K S K S ). This ratio is predicted to be 1/2 if the f 0 (980) is an I = 0,qq state, whereas the composition f 0 = [sq][sq], q = u, d, could yield a different value owing to possible interference patterns between I = 0 and I = 1 amplitudes in the tetraquark picture of these decays. For a general overview on scalar mesons, we refer to the Particle Data Group review [3] and references therein.
In the case of B → f 0 (980)K decays, one may advance plausible reasons to limit oneself to thēpicture of the f 0 (980). Because of the large B mass, the outgoing mesons are virtually massless particles, which prompts to expand the corresponding bound states in terms of Fock states.
Quark configurations likeq 2 q 2 orq 2 q 2 g therefore belong to higher Fock states. A handwaving argument by Cheng, Chua and Yang [28] suggests that theqq component of the energetic f 0 (980) may be more important, as two rapidqq pairs are less likely to form a fast moving f 0 (980). In our models we neglect higher Fock contributions to the f 0 (980) bound state. penguin topologies are considered. Already at tree level, nonleptonic two-body D decays can be reasonably reproduced within this simple factorization since penguin amplitudes are strongly CKM suppressed. However, since the charm mass m c is lighter than the bottom mass by roughly a factor three, nonperturbative contributions of order Λ QCD /m c are more important than in B decay amplitudes. The factorization approach may then be less reliable. In order to study the discrepancy between theoretical and experimental branching fractions, we study the effect of phenomenological annihilation as well as penguin amplitudes. The decay amplitudes are proportional to the D and D s → f 0 (980) transition form factors we are interested in.
The paper is organized as follows. In Sec. II, we present the CLFD formalism and give a brief review on the DR approach. The scalar f 0 (980) bound-state structure is described in Sec. III. In Sec. IV, we list all physical constraints imposed in our model, namely experimental D-branching ratios and wave-function normalizations. The electroweak decay amplitudes, the D-decay tree topologies and all numerical inputs needed are presented in Sec. V. In Sec. VI we introduce the P → S transition form factors, derived in CLFD and DR approaches. Details about the initial pseudoscalar wave functions, the pseudoscalar decay constant in the constituent quark model and the calculation of the P → S transition form factors are given in Appendices A, and B.
In Sec. VII, we discuss the fitting method, give numerical results for the theoretical branching ratios and then compare D (s) → f 0 (980) and B (s) → f 0 (980) transition form factors obtained in both relativistic approaches 1 . The final Sec. VIII summarizes our work and some conclusions are drawn.
II. TWO DIFFERENT RELATIVISTIC FORMALISMS A. Covariant Light-Front Dynamics
In CLFD [45] , the state vector which describes the physical bound state is defined on the light-front plane given by ω · r = σ, where ω is an unspecified lightlike four vector (ω 2 = 0) which defines the position of the light-front plane and r is a four vector position of the system. CLFD proposes a formulation in which the evolution for a given system is expressed in terms of covariant expressions. Any four vector describing a phenomenon can be transformed from a system of reference to another by using a unique standard matrix which depends only on kinematical parameters and on ω. The particle is described by a wave function expressed in terms of Fock components of the state vector which respects the properties required under any transformation. The meson of mass M will be described as a bound state of two constituent quarks with four momenta k 1 and k 2 . The state vector describing this meson of four-momentum p, defined on a light-front plane characterized by ω, is given by:
where ε k i = k 2 i + m 2 i and k i is the momentum of the quark i with mass m i . The parameter τ is entirely determined by the on-mass shell condition for the individual constituents. In Eq. (1) λ is the projection of the total angular momentum J of the system on the z-axis in the rest frame and σ i is the spin projection of the quark i in the corresponding rest systems. We emphasize that the bound state wave function is always an off-energy shell object, with τ = 0 due to the binding energy, and depends on the light-front orientation. From the delta function ensuring momentum conservation, one gets:
To keep track of this conservation law, a momentum, ωτ , is assigned to the spurion but there is no fictitious particle in the physical state vector, (see Fig. 1 ). The two-body wave function
(1) can be parametrized in terms of various sets of variables. In order to make a close connection to the nonrelativistic case, it is more convenient to introduce the following pair of variables [45] defined by
where P = k 1 + k 2 , and L −1 (P) is the Lorentz boost. The momentum, k, corresponds, in the center of mass frame where k 1 + k 2 = 0, to the usual relative momentum between the two particles. Note that this choice of variable does not assume that one is restricted to this particular frame. The unit vector n corresponds, in this frame, to the spatial direction of ω.
One introduces the variables x and the vector R 1 = (R 0 , R ⊥ , R ) where R ⊥ , R denotes the perpendicular and parallel components to the direction of the light-front:
Since by construction R 1 ·ω = 0, and thus R 2 1 = −R 2 ⊥ , the light-front coordinates, which one will use in the present work, are then (x, R ⊥ ). These variables can be expressed in terms of the ones in Eqs. (3) and (4). All details can be found in Ref. [45] .
In terms of the variables (x, R ⊥ ), we have for the relative momentum between two quarks of different masses:
B. Dispersion Relation approach
The dispersion relation approach, in the context of the relativistic quark model, leads to transition amplitudes expressed as relativistic spectral integrals over spectral densities of the corresponding Feynman diagrams. Here we closely follow the derivation of Melikhov [42] to calculate the P → S transition form factors. These are given by the double spectral representation over the square of the invariant masses of the initial and final quark-antiquark bound states. The spectral functions involve the wave functions of the participating mesons and the double discontinuities of the corresponding triangle Feynman diagram. Use of the LandauCutkosky rules allows to calculate these discontinuities and hence the transition form factors in the space-like region q 2 < 0. An analytical continuation in q 2 gives the form factors in the timelike region q 2 > 0.
As in Sec. II A, the meson of mass M is a bound state of two constituent quarks of mass m 1 and m 2 and four-momentum k 1 and k 2 with
The relativistic bound state corresponds to a pole in the amplitude at s = M 2 and one can define a bound state wave function ψ(s) in the vicinity of the pole by
The function G v (s) in Eq. (8) represents the vertex of the bound state transition to the constituent quarks. The constituent-quark rescatterings lead to the normalization condition [42] 
where the spectral density ρ(s, m 1 , m 2 ) for a pseudoscalar meson reads
while for a scalar meson one has
In Eqs. (10) and (11), λ(s, m 2 1 , m 2 2 ) is defined as
and θ(z) is the step function, θ(z) = 1 for z > 0 and θ(z) = 0 for z < 0.
From Eqs. (10), (11) and (12) it can be inferred with m 1 = m 2 = m that the threshold
those of an S and of a P wave, respectively. Taking into account the intrinsic negative parity of theqq state, it implies the correct behavior under parity transformation of the bound state described by theqq state and its associated vertex (see Eq. (18)).
III. STRUCTURE OF THE BOUND STATE FOR A SCALAR PARTICLE
Assuming that the f 0 (980) scalar meson is made of components uū, dd and ss, one can decompose the total wave function as follows:
or
where θ mix is the mixing angle between the nonstrange, Ψ f
, and strange, Ψ f A. The scalar particle on the light front
The explicit covariance of this approach allows to write the general structure of the two-body bound state. For a scalar particle (see Fig. 1 ) composed of a quark-antiquark pair of equal mass 2 Consequently this implies a strange component for the wave function of the σ, Ψσ = (uū + dd) cos θmix/ √ 2 − ss sin θmix. However such a strangeness content does not seem to have an experimental support (see for instance Ref. [32] ). This certainly points to a more involved structure of the σ or f0(600) than that of a simplestate. m q and four-momenta k 2 and k 1 , we have (q = n or s)
where v(k 1 ) andū(k 2 ) are the usual antiparticle and particle Dirac spinors, and A (q) (x, R 2 ⊥ ) is the scalar component of the wave function. Note that the color factor is not included in the wave function Eq. (15). Since the quark masses m q , in each component A (q) (x, R 2 ⊥ ), are identical, the corresponding reduced mass is m q /2 and we chose the following Gaussian expression:
where ν q is a size parameter to be determined from experimental data and theoretical assumptions while the momentum squared, k 2 q , given in Eq. (6) now reduces to
B. The scalar particle in the dispersion approach
The soft constituent-quark structure of the scalar meson is given in this approach by the
where Q a (−k 2 ) and Q a (k 1 ) are the constituent spinor states of color a normalized by the color factor N C = 3. For a scalar meson made of a quark-antiquark pair of equal mass m q , the wave function φ (q) (s) of Eq. (14) can be parametrized as
where k q is the modulus of the quark momentum in the center of mass momentum such that
The functional form (19) is so chosen as will be seen later, so as to simplify the normalization condition in Eq. (9). The function w(k) is defined to have the same functional expression as in CLFD:
and here again the size parameter ν q is to be determined from experimental and theoretical considerations.
IV. PHYSICAL CONSTRAINTS FOR A NEUTRAL SCALAR
As described in detail previously, theqq bound states are described in both formalisms by vertex functions which are related to Gaussian wave functions. These have to be normalized and their phenomenological size parameters determined. A standard approach chosen in the quark model is to calculate the decay constant with the appropriate loop diagram and fix the size parameter that enters the calculation so as to reproduce the experimental value of that constant (see Appendix A). In this work, this is done for the pseudoscalar D-and B-meson wave functions. However, the lack of knowledge of the experimental f 0 (980) decay constant makes it difficult to proceed similarly for the scalar meson. Furthermore, the mixing angle θ mix is not known a priori. We therefore resort to a different parametrization prescription by making use of D decay branching ratios which contain the f 0 (980) in the final state. In this section, we discuss the constraints on the scalar wave functions given by the normalization and the experimental data set chosen to determine the mixing angle θ mix as well as the various size parameters in both formalisms.
A. Normalization in CLFD
According to the spirit of the constituent quark model, the state vector is decomposed into Fock components, and only the two-body component is retained. Since the state vector is normalized as
it gives for a zero total angular momentum state the following normalization condition [45] :
where D(x,θ, R ⊥ ), is the invariant phase space element given by:
Using the condition of normalization for the Dirac spinors,
we sum over all spin and color states and get for acomponent:
where A (q) is given by Eq. (16). The result is similar for both the nn and ss components.
There is no mixing term between the two components. With the scalar wave function written in Eq. (14), the normalization condition is therefore:
with k q given by Eq. (17). 14) and making use of the form for φ (n) (s) or φ (s) (s) given by Eq. (19), the normalization condition for Ψ f 0 reads 
E687 [24, 25] :
CLEO [46, 47] :
In Eq. analysis [48] of χ c 0 → π + π − K + K − with their study [49] of
Collaboration [48] has determined the following ratio between the partial widths of the f 0
3 The value used for B(
is taken from Ref. [47] in order to be consistent with that of Ref. [46] . The more recent and precise value from Ref.
[3] does not modify our conclusions.
Applying isospin relations, one finds the following branching fractions
The two-body branching ratios B(D → f 0 P ) entering Eqs. (29) to (34) are then deduced from the branching fractions B(f 0 → π + π − ) and B(f 0 → K + K − ) given in Eqs. (36) and (37) . It is worth emphasizing that the results are strongly dependent on these branching fractions. Note that their experimental uncertainties are large.
V. ELECTROWEAK AMPLITUDE
In any phenomenological treatment of the weak decays of hadrons, the starting point is the weak effective Hamiltonian, which is obtained by integrating out the heavy fields from the standard model Lagrangian and reads
where G F is the Fermi constant, V CKM contains products of the CKM matrix element, C i (µ) are the Wilson coefficients, O i (µ) are the operators entering the operator product expansion and µ represents the renormalization scale. In the present case, since we only take into account tree operators, the matrix elements of the Hamiltonian (38) read, and calculated perturbatively, the other concerns soft or long-distance physics. The operators O i (µ) can be understood as local operators which govern a given decay, reproducing the weak interaction of quarks in a point-like approximation. The Wilson coefficients C i (µ) [35] contain the physical contributions from scales higher than µ. Since QCD has the property of asymptotic freedom, they can be calculated in perturbation theory and include contributions from all heavy particles with m > µ, such as the top and beauty quarks, the W ± bosons, and the charged Higgs boson. The dependence of the hadronic matrix elements and of the C i (µ) on µ must cancel in the final decay amplitude which is a physical observable and thus scale independent.
Working at tree level within the factorization formalism one obtains the following decay amplitudes:
where a i (m c ) is written as a i for simplicity. In Eq. (40), f π and f K are the pion and kaon decay constants and
where N C = 3. The flavor content u or s of the D and f 0 has been written explicitly in the scalar transition form factors F D→f 0 0 (m 2 P ). With these factorized decay amplitudes, we can compute the decay rates using the following expression [3],
where |p| is the modulus of the c.m. momentum of the decay particles defined as
Finally, one defines the branching ratio B as the ratio between the decay rate Γ(D → f 0 P ) and the total decay width Γ D :
A. Numerical inputs
Values of CKM matrix elements and Wilson coefficients
In the present numerical calculations, the CKM matrix elements, expressed in terms of the (see Ref. [35] ) from which we infer
Quark masses
We use the subsequent standard constituent quark masses to calculate the transition form factors within the quark model approximation.
For meson masses, the following values [3] are used:
The pseudoscalar decay constants f P are defined as usual by 
yield the total D decay widths Γ D = 1/τ D .
VI. WEAK DECAY FORM FACTORS FOR P → S TRANSITIONS A. Standard form factor notation
The decays of b and c quarks are given by the weak current J µ b(c) (even though only thē qγ µ γ 5 q b(c) term is relevant in our case),
where q is a light u, d or s quark. As usual, one can define the physical amplitude for a semileptonic decay X → Y lν l by the expression
where J lep µ is the leptonic current. In Eq. (53), S|J µ |P is the hadronic matrix element including the weak current as defined previously. Introducing the total four-momentum K = P 1 + P 2 and the four-momentum transfer q = P 1 − P 2 where P 1 is the four-momentum of the pseudoscalar meson and P 2 that of the scalar meson in the final state, the hadronic matrix element can be decomposed as:
where f + (q 2 ) and f − (q 2 ) are the transition form factors and P 1 and P 2 are respectively the fourmomentum related to the initial and final particle states of the hadronic current. Introducing then the scalar F 0 (q 2 ) and vector F 1 (q 2 ) form factors, the amplitude can be expressed as
since K · q = M 2 1 − M 2 2 , and M 1 and M 2 being the masses of the initial and final meson. It is straightforward to derive the relationship between the two sets of form factors. One obtains
Note that at q 2 = 0,
B. CLFD formalism
In the covariant light-front dynamics formalism, the exact transition amplitude does not depend on the light front orientation but in any approximate computation the dependence is explicit. However one can parametrize this dependence since the formalism is covariant. Hence, the approximate amplitude expressed in CLFD is given by the following hadronic matrix,
where B(q 2 ) is a nonphysical form factor which has to be zero in any exact calculation. The last term represents the explicit dependence of the amplitude on the light front orientation ω with ω 2 = 0. In order to extract the physical form factor f ± (q 2 ), without any dependence on ω, from the amplitude S(P 2 )|J µ |P (P 1 ) CLF D , we will proceed as follow. First, we calculate the scalar products X , Y and Z which are defined by,
and finally,
We define a variable y as the ratio between the scalar product of ω·P 2 and ω·P 1 ,
Since P 1 = (K + q)/2 and P 2 = (K − q)/2, we may also write
with ω · K = (1 + y)ωP 1 and ω · q = (1 − y)ωP 1 . For q 2 > 0, it is convenient to restrict ourselves to the plane defined by ω · q = 0. This condition is allowed in the system of reference where P 1 + P 2 = 0 with P 10 − P 20 = 0. From the scalar products X , Y and Z we can isolate the form factors f ± (q 2 ) from B(q 2 ). Then, one gets the expressions for the form factors f ± (q 2 ):
where Ω is identical for both form factors f ± (q 2 ) and can be written as,
where the functions Ψ ± (y, q 2 , X , Y, Z) are:
or in terms of the variables K and q,
The second step is to express the amplitude S(P 2 )|J µ |P (P 1 ) CLF D without using the form factors f ± (q 2 ). The leading contribution to the transition amplitude S(
given by the diagram shown in Fig. 2 . By using the CLFD rules, one can derive the matrix elements from the diagram (Fig. 2 ) and one has,
⊥ ) are the pseudoscalar and scalar wave functions defined in Eq. (A2) and Eq. (16) respectively. Note that x and x ′ are the fraction of the momentum carried by a quark q 3 (the spectator quark) as given by:
, and
and one also has R ′ ⊥ = R ⊥ − x ′ q. Now, one can replace the hadronic matrix element S(P 2 )|J µ |P (P 1 ) CLF D , which appears in the scalar products X , Y, Z (Eqs. (59, 60, 61) ), by the hadronic matrix elements S(P 2 )|J µ |P (P 1 ) CLF D g calculated by applying the CLFD diagrammatic rules and given in Eq. (68). Hence, by using Eq. (64) we are able to compute the form factors f ± (q 2 ) as a function of q 2 and this over the whole available four momentum range 0 < q 2 < q 2 max .
C. Dispersion relation approach
The pseudoscalar to scalar transition amplitude is calculated from the triangular Feynman diagram shown in Fig. 3 , where also the kinematical variables are displayed. For the evaluation of the space-like transition form factor (q 2 < 0) the internal constituent quarks are put on-mass shell. Moreover the external momenta are considered off-shell with
To derive the transition amplitude (54) we need the constituent quark matrix element of the weak axial current which we write
The function f 21 (q 2 ) is the constituent quark transition form factor. Since no formal derivation of the quark model from QCD exists, it is unknown. In the following we make the assumption f 21 ≃ 1 and drop the factor altogether owing to the fact that constituent quarks behave very much like bare Dirac particles [52] .
In the DR approach the transition form factors f ± (q 2 ) of Eq. (54) are expressed through the double spectral representations:
The functions ∆ ± (s 1 , s 2 , q 2 ; m 1 , m 2 , m 3 ) in the above equation are the double spectral densities of the triangle Feynman of Fig. 3 in the P 2 1 -and P 2 2 -channels. They can be obtained [42] from the following equation
where m 2 > m 1 . Explicit expressions for ∆ ± (s 1 , s 2 , q 2 ; m 1 , m 2 , m 3 ) are given in Appendix B. An analytical continuation in q 2 allows us to write the transition form factors for
The in Ref. [53] , which relies on the method developped in Refs. [54, 55] , the transition amplitude for π → f 0 (980) calculated on the light front was shown to vanish as t ≃ q 2 ⊥ → 0. This is in contradiction with experimental findings in π − p → π 0 π 0 n reactions. We can make the parallel for the behavior of our transition amplitude in the limit q 2 ⊥ → 0 and confirm the vanishing of our form factor for t = q 2 → 0 if all internal quark masses are equal. Thus, had we calculated the transition to f 0 (980) from a pion, we would obtain f ± (q 2 ) = 0 for q 2 → 0. We ascribe this discrepancy to our simplifiedqq picture of the f 0 (980) whereas other contributions, likely from pion and kaon clouds, may modify the form factors in particular at low momentum transfer.
For m 2 = m 1 = m 3 , however, we deduce from the expressions of our dispersive representation that the integrands in Eq. (74) do not vanish for q 2 → 0, nor do the integrals as confirmed by our numerical calculations.
As mentioned before, the form factor in the region 0 < q 2 < (m 2 − m 1 ) 2 can be obtained 
, bearing in mind that the branch point s L 1 lies on the unphysical sheet. Hence, one has to calculate the discontinuity of 1/(s 1 − s R 1 ) 1/2 which is just twice the the function itself [56] . This explains the integration limits and the factor two in front of the second integral in Eq. (74). The subtraction term in the third line of Eq. (74) stems from the function 1/λ(s 1 , s 2 , q 2 ) that enters the complete expression for ∆ ± (s 1 , s 2 , q 2 ; m 1 , m 2 , m 3 ) in Eq. (B1) and which is singular in the lower integration limit s R 1 . It was shown in Ref. [57] that an accurate application of the Cauchy theorem yields this subtraction term.
VII. NUMERICAL RESULTS

A. The fit procedure
As we have discussed in the preceding sections our final aim is to predict form factors for B (s) → f 0 transitions. To achieve this goal, we first have to acquire a good knowledge of the f 0 wave function. This will be done through the evaluation of theoretical branching ratios [Eq. (q 2 ) and hence the branching ratios can be determined. These parameters will thus be constrained, via a least-square χ 2 fit 4 , by the experimental branching ratios given in Eqs. (29) to (34) . Note that there are two equivalent solutions for θ mix , as the mixing angle enters quadratically into the decay rate formula Eq. (42) . As an additional physical constraint, we choose to impose the relation
between the strange and nonstrange components of the f 0 (980) wave function. This forces the strange component to be wider in momentum space, the size parameter ν s being divided by m 2 s in the Gaussian wave functions given in Eq. (16) or Eq. (21), assuming that |ss is more tightly bound and compact in configuration space. This effectively reduced parametrization proves to be decisively more stable, while not spoiling the fit.
We will see that this first simple approach, a two parameter fit attempting to reproduce all data listed in Eqs. (29) to (34) , to which we will refer to as fit 1, provides, partly because of the large experimental errors, a fair agreement with the data though not entirely satisfactory.
Indeed, so far we a priori miss relevant physics in these decays such as corrections to simple tree-order topologies. We must include higher-order and power suppressed contributions in the appropriate channels. We here consider penguin and annihilation topologies which we now discuss in turn.
In the decays discussed in Sec. IV C, penguin topologies only contribute to the
The magnitude of the CKM matrix elements [3] implies that for charmed penguins the penguin contributions can be and are usually discarded since V cd V * ud ≃ V cs V * us is three orders of magnitude larger than V cb V * ub . Nonetheless, in order to try to even more constrain the scalar mixing angle, we have inserted phenomenological penguin amplitudes where they are operative.
We have parametrized these contributions by a universal amplitude so that we have only modified the linear combination of Wilson coefficients, a i :
which leads for the amplitude A(D + → f 0 π + ) to the substitution
and similarly for the other two channels with the same X p (ρ p , δ p ) = ρ p exp(iδ p ).
As has been argued in Ref. [ 
with X a (ρ a , δ a ) = ρ a exp(iδ a ). The modulus ρ a and phase δ a are free parameters, the natural scale of ρ a is in principle given by the decay constants f 0 D , f 0 K and f f 0 . We stress that neither the contribution from penguin nor from annihilation amplitudes will allow to resolve the ambiguity on the mixing angle θ mix .
In the following we introduce the effective transition form factors which, in the nonstrange sector read,
and in the strange one
In principle, the six parameters should be fit to the branching ratios listed in Eqs. (29) to (34) . It turns out, as expected from the arguments given above, that in both approaches, CLFD and DR, the contributions of the penguin amplitudes are vanishingly small and do not lead to any improvement of the fit while the mixing angle maximally changes by 1 • . In fact, the phase of the penguin amplitude is nearly zero and the modulus is very small. We conclude that we may just ignore its contribution. We will therefore refer from now on to fit 2 as a four parameter fit which includes solely the annihilation amplitudes as correction to the tree level.
Before discussing in details the results of our calculations, we wish to point out the large experimental errors that appear in the constraining data. There are furthermore inconsistencies in these data as can be seen for instance in the FOCUS experiment [18] , for the D + s → f 0 π + channel. Here, we observe a discrepancy in the decay magnitude between the channels where the f 0 (980) decays into a two-pion or two-kaon pair as well as in their errors. Partly, this may be ascribed to the use of the different branching fractions B(f 0 → π + π − ) and B(f 0 → K + K − ).
Considering the theoretical ratio R
, one observes that they are equivalent when working at the tree level approximation for the decay amplitude if one assumes that F D→f 0 0 (q 2 ) has roughly the same value for q 2 = m 2 π and m 2 K and similarly for F Ds→f 0 0 (q 2 ). Using Eq. (40) for the decay amplitudes of these channels, the ratios R 1 and R 2 are proportional to the same CKM matrix elements, V * ud and V * us , and to the pion and kaon decay constants; they are of the order of 4.
Experimentally, though, this order of magnitude is strongly violated when data from FOCUS (BR(D
+ → f 0 K + ) = (3.07±1.65)×10 −4 ), from E687 (BR(D + s → f 0 π + ) = (3.92±2.63)×10 −2 ),
as well as from FOCUS (BR(D +
s → f 0 π + ) = (5.60 ± 3.08) × 10 −2 ) are used. These data appear to be incompatible with the other data. Hence, we shall study two cases in the four parameter minimization space, one with 12 data, referred to as fit 2a, the other with 9 consistent data referred to as fit 2b.
B. The f 0 wave function Table I which corresponds to fit 1 (with 2 parameters and 12 branching ratios) shows that the factorization model at the tree level order allows for a fair representation of the data with reasonably well defined parameters ν n and θ mix given in Table II The stability of our fit is illustrated in Fig. 4 Table III. The results for the parameters ν n and θ mix (Table IV) are extremely stable as compared to those of fit 1 (Table II) .
Finally, retaining only the nine consistent data as explained above, we obtain (fit 2b) a further improvement of the χ 2 /d.o.f. illustrated in Table V . The wave-function parameters (Table VI) for the CLFD model are stable as compared to those in Tables II and IV whereas 
C. P → S transition form factors
With the parametrization of the scalar-meson wave function in Table VI, resulting from fit 2b, we compute the pseudoscalar to scalar transition form factors D → f 0 (980) (n) , D s → f 0 (980) (s) and can now predict B → f 0 (980) (n) and B s → f 0 (980) (s) . Indeed, with the values of Table IX in Appendix A, we can compute, employing Eqs. (56), (57), (64) 
. This is expected as in the fit we fix the model parameters via the effective form factor F 0 (q 2 ) for q 2 = m 2 π and m 2 K barring any other changes in the decay amplitudes of Eq. (40) .
For the B to scalar transitions 5 , the kinematically allowed range is much larger than extending the momentum transfer squared up to 15 GeV 2 . Hence, once again, we do not consider contributions of the anomalous term in Eq. (74) in the DR formalism. The effective form factors F 0 (q 2 ) and F 1 (q 2 ) are plotted in Figs. 8 and 9 . Table VIII gives a few values at q 2 = m 2 π , m 2 K , m 2 ρ and m 2 D . In Fig. 8 , for the B → f 0 transition, one observes similar results to those obtained for the D to scalar transitions, whereas for the B s → f 0 , the difference between the DR and CLFD predictions is considerable as can be seen in Fig. 9 .
The magnitude of the slopes for F 0 (q 2 ) and F 1 (q 2 ) point at different dynamical features for larger q 2 despite the use of similar vertex functions in both CLFD and DR. This is true in particular for large q 2 ≃ m 2 b values in B → f 0 (980) transitions where one expects perturbative QCD effects to be relevant. It is likely that the Gaussian vertex form of the Bethe-Salpeter amplitudes which describe both the heavy pseudoscalar and the light(er) scalar bound states are not appropriate at large momentum transfers. In the D decays, the differences are even more pronounced -whereas at the maximum recoil point q 2 = 0 the DR approach values for F 1 (q 2 ) are slightly larger in magnitude than those from CLFD, they evolve more slowly and at q 2 max the CLFD predictions are considerably larger, as seen in Figs. 8 and 9. In this case, the momentum transfer range 0 ≤ q 2 ≤ 0.6 GeV 2 is lower than the meson mass m 2 D and the process should be more dominated by soft physics. Therefore, the deviations between DR and CLFD cannot be ascribed to the behavior of the vertex functions and are intrinsic to the dynamical assumptions in either model. A feature of the DR model is that the function f − (q 2 ) decreases more rapidly than f + (q 2 ) increases, in particular for the D → f 0 (980) transition form factors. Regarding the general behavior of the transition form factors, in DR one observes that they are very sensitive to the function b ± which strongly depend on the quark mass difference (Eqs. (B4) and (B5)). In CLFD, the form factors are controlled by the function Ω, introduced in Eq. (65), which forces F 0 (q 2 ) and F 1 (q 2 ) to behave as 1/(α + βq 2 ) and therefore become very large at the kinematical limit whenever the denominator tends to zero.
It is worthwhile to recall that quark model predictions have a constituent mass dependence causing a systematic error in the computation of the form factors. This is in particularly true for the light sector where it is known that the dressed-quark mass receives strong momentum- experimental data, they are readily available for other flavor changing matrix elements involving the b-quark although in that case the approach is on less firm grounds. The short-distance physics in the factorization is known from perturbation theory applied to the operator product expansion and codified in terms of Wilson coefficients. The long-distance effects concern two sets of form factors; namely the experimentally known decay constants and the heavy-to-light transition form factors. The latter are nontrivial objects which involve quark as well as hadron degrees of freedom. In our approach, we have modeled these form factors with triangle diagrams (at the tree level) in the impulse approximation. The mesonic Bethe-Salpeter amplitudes are described by Gaussian two-quark vertex functions which introduce size parameters. In the case of the scalar meson, we also need a mixing angle between the strange and nonstrange components of its wave function for which we assume the simplest possible quark structure. That is to say, we neglect higher Fock states or possible hadronic dressings which may enrich theqq state with other components such as |KK , |πη etc. in order to perform an actual calculation. As noted previously in Secs. I and II, a consequence of the mixing is the presence of a strange component in the σ or f 0 (600) state, strange content which does not seem to be experimentally observed.
A specific discussion of the structure of this broad state is outside the scope of the present study and would require, as we just pointed out, to work beyond the simplest two-quark structure.
In this work, we have examined two different but explicitly covariant approaches to establish the model dependance of the form factors. In both model calculations, the impulse approximation is used and quark masses as well as dynamical assumptions are the identical, though certain kinematical aspects differ. In particular, in the DR approach internal quarks are put on-mass shell and the amplitudes are expressed as double dispersive integrals of the triangle diagram's discontinuity over initial and final mass variables. In contrast to the DR approach, in the CLFD calculation the integration is performed over the internal loop momenta. Moreover, even though the Bethe-Salpeter amplitudes of the D (s) and f 0 (980) have identical Gaussian forms, the meson vertex normalization is not identical in both models.
These differences may be the origin for certain discrepancies we find in our results. In fitting the set of experimental D (s) → f 0 (980)P branching ratios, we do obtain similar values for the mixing angle. Overall, the fit quality is comparable and rather good given the large experimental errors. However, while at small momentum transfer, around the light meson masses m 2 π and m 2 K , we find very similar transition form factors, for larger values of q 2 where no experimental constraints exist the discrepancy is obvious. In the case of B (s) → f 0 (980) transitions, stronger deviations between both models are observed. For the D (s) → f 0 (980) transitions, the discrepancy is already obvious for q 2 m 2 K as seen, in particular, in the different slopes of F 0 (q 2 ) obtained in DR and CLFD. This is also a hint that the constituent quark model may be reliable solely for a certain domain of q 2 .
Clearly, dynamical aspects of QCD, such as running quark masses, are important in the computation of these form factors.
Furthermore, the parametrization of the heavy mesons depends on the precise knowledge of the pseudoscalar decay constant. As confinement is only approximately achieved and dynamical chiral symmetry breaking not realized in either model calculation, some of the uncertainty defies any quantification. When these formalisms are applied to calculations which can be compared to observables such as decay constants, typical deviations from the experimental values are of the order of 10% − 15%. Given the large errors in the experimental D (s) → πππ,KKπ branching fractions and the still elusive structure of the scalar f 0 (980), assuming aqq composition, this provides a lower bound of our theoretical error 6 which we estimate to be of the order of 25%.
Nonetheless, we consider that there is a domain of validity for these models which overlaps with the typical momentum transfers q 2 that occur in leptonic as well as nonleptonic weak decays of D (s) and B (s) mesons. The present study provides a first calculation of heavy pseudoscalar to scalar meson transition form factors at the exact momentum transfer values q 2 = m 2 π , m 2 K , m 2 ρ and m 2 D without resorting to any extrapolation. Surely, this work leaves plenty of room for improvement; obviously a better understanding of the scalar-meson structure is of foremost concern, but a more genuine realization of confinement and dynamical chiral symmetry breaking is also desirable. 6 which can be roughly tested by varying the size parameters and mixing angle within the error ranges shown in Table VI APPENDIX A: PSEUDOSCALAR MESONS IN THE QUARK MODEL 1. CLFD
For a pseudoscalar particle composed of an antiquark and a quark, of mass m 1 and m 2 respectively, the general structure of the two-body bound state has the form:
where v(k 1 ) andū(k 2 ) are the usual Dirac spinors, and A
is the scalar component of the wave function written as
where N P and ν are parameters to be determined by comparison with experimental data; the reduced mass is m 12 = m 1 m 2 /(m 1 + m 2 ) and k 2 is given by Eq. (6). For the pseudoscalar mesons we make use of the experimentally well established values for their decay constant.
In CLFD the normalization condition for a pseudo scalar meson of zero total angular momentum reads as follows :
where, in close analogy with Eqs. (25) , one has,
so that, finally,
where one recalls that D(x,θ, R ⊥ ) is the invariant phase space element already defined in Eq. (24).
Dispersion approach
Similarly, the the two-body bound state for pseudoscalar meson is given here by
where Q a (k 1 , m 1 ) represents the spinor state of the constituent quark of color a and N C = 3 the number of quark colors. Since for a confining potential the strong interaction does not produce a pole at s = M 2 in the physical region (in the harmonic oscillator approximation of the quark model the Gaussian functions are smooth), the vertex function G v (s) can be related, as in Eq. (8), to a wave function representation of the form
where N P is a normalization factor and
In Eq. (A8), the function w(k) is chosen to be
where m 12 is again the reduced mass. As in CLFD, we determine the normalization, N P , and fit the size parameter ν so as to reproduce the experimental decay constants. In the dispersion approach the relativistic normalization Eq. According to the usual definition, the decay amplitude is Ξ µ = 0|J 5µ |P where J 5µ is the axial current. Since our formulation is explicitly covariant, we can decompose Ξ µ in terms of all momenta available in our system, i.e. the incoming meson momentum p µ and ω µ . We have therefore:
where f P is the physical decay constant. In an exact calculation of Ξ µ , B should be zero. Since ω 2 = 0, the decay constant can easily be obtained according to:
Using the diagrammatic rules of CLFD, we can calculate Ξ µ and including color factors, one gets,
where the notation O is defined as usual by O = γ 0 O † γ 0 . The decay constant is therefore given by:
Similarly, in the dispersion approach, taking into account soft rescatterings of constituent quarks, one obtains a series of dispersion graphs that involve the spectral density ρ P (s, m 1 , m 2 ) of the Feynman quark antiquark loop graph given in Eq. (10). These graphs yield the following expression for the pseudoscalar decay constant [42] 
Then applying the normalization condition with the decay constants as constraints for modelling, we obtain the parameters listed in Table IX . [42] . Nevertheless, for completeness, we give here the explicit expression. One has
where
with a(x, y, z) = x − (y − z) 2 . Furthermore,
The allowed intervals for the integration variables s 1 and s 2 are obtained by solving the step θ-function of Eq. (B6),
with
The solution of the equation
which reduces to
so therefore the limit s 0 2 (q 2 ) appearing in Eq. (74) is
Note that in Eqs. (B1) to (B5) we have introduced, following Melikhov, a lightened writing for the functions B ± (s 1 , s 2 , q 2 ) and b ± (s 1 , s 2 , q 2 ) which, we stress, depend parametrically on the quark masses m 1 , m 2 and m 3 . This is obviously the case also for s ± 1 (s 2 , q 2 ) and s 0 2 (q 2 ). 
